It is well-known in sonar work that the pulse form of a direct echo from a target bears little relation to the form of the original signal. This is true even for regularly shaped bodies, such as a sphere. In this paper, the case of a homogeneous elastic sphere in water is examined theoretically and it is shown in comparison with experimental results, that the observed effects originate from vibrations induced in the sphere by the incident sound. Calculated results are presented for a variety of solid materials and it seems that echo forms could possibly provide 1n-formation about the size and constitution of a sonar target.
Introduction
It is well-known in sonar work that the pulse form of the direct echo returned by a stationary insonified target in water is usually quite different from that of the original signal sent out by the transducer. This effect can be observed even when the target has a regular shape as in the case of a sphere. In the experiments which have been made, the incident sound has consisted of single frequency, constant amplitude pulses of various lengths, and the echo pulse generally appears in the form of multiple echoes of the original pulse; i.e. compared to the original pulse, the echo is generally longer and subject to amplitude modulation. Presumably there are also differences in frequency content, but there does not appear to be any quantitative data available on the subject.
If the body has an irregular shape it is possible to suppose that this effect is due to echoes returned by the individual irregularities.
However in the case of regularly shaped bodies with no abrupt changes in curvature, such an explanation cannot be used. In this event it would seem reasonable to suppose that the distortion in the echo is caused either by diffraction or by vibrations occurring within the solid material of the target or by both. The frequencies used in sonar usually preclude the influence of diffraction, so that the observed effects would appear to be due mainly to vibrations in the solid. Since the density of any solid does not differ from that of water by much more than a factor of eight, it seems quite possible for the incident sound to cause vibrations in the soiid material of the target. In air the corresponding density ratio would 4 be of the order of 10 so that a target would react more like a rigid body, with a consequent diminution in echo distortion.
It is the purpose of this paper to test the validity of this hypothesis in the case of a homogeneous solid sphere supporting shear and compressional waves. spheres.
Formulation of the Problem
The coordinate system for the sphere is shown in Fig. l where the relationship between the cartesian and spherical polar coordinates is x = r sin 0 cos ifJ y = r sin f) sin ifJ z = r cos f) .
{1)
The sphere is assumed to consist of solid isotropic material supporting -both compressional and shear waves. The displacement vector u can -be expressed using the vector and scalar potentials A and \jJ as follows [ 6 ] [1] L.D. Hampton and C.M. McKinney; J.A.S.A., 33, 5, 1961, p. 664 .
[2] J. J. Faran; J.A.S.A., 23, 4, 1951, p. 405 .
[ 3] P.M. Morse and 'H. Feshbach; "Methods of Theoretical Physics" {McGraw-Hill Book Company, New York, 1953) Vol. II, p. 1483.
[4] V. C. Anderson; J . A.S.A. 22, 4, 1950, p. 426. [ 5] H. Stenzel; Leitfaden zur Berechnung von Schallvorgagen, Julius Springer, Berlin, 1939.
[ 6] Morse and Feshbach p. 142
where ( 3)
describe the motion of the compressional and shear waves respectively, c and c are the compressional and shear wave velocities defined by
where E, p , <7 are the Young's modulus, density and Poisson's ratio 
where the coefficients c have to be determined from the boundary conn ditions at the surface of the sphere. The appropriate conditions are: ( 11) is obtained from ( 6) and (9) by using u.
Because of the symme_try of the incident waves, the component of displacement uq, is taken to be zero and the q, component of the shearing stress can also be neglected. The only non-zero component of the vector
[9] ibid p. 142 and p. 116. 
{ l 7) ing by a free surface sphere is obtained [ 11 ] . This corresponds to the condition where the normal stress at the surface of the sphere vanishes, which would result for example when the density of the material inside the sphere was very much less than that of the fluid.
From the above it follows that the echo returned by the solid sphere to the source is given by ( 1 9)
Removal of a factor exp (ik r ) / r gives the solution for incident plane 0 0
waves. Equations (18) and (19) can then be used to construct the echo due to a pressure pulse emanating from the source. Suppose the source emits a pulse of form P.(t).
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This can be expressed in terms of Fourier components as
where D is as defined previously. The frequency spectrum g(k} is
found by taking the Fourier transform of the given pulse, i.e.,
With the new variable p c x = ka, the reflected pulse will be
and when the point source moves to a large distance from the sphere
In general the echo given by (23) will differ in form from that of the incident pulse (20). Only for high frequencies in the special cases of a rigid and a free surface sphere will it be the same. It can be shown [ 12 ] that in the former case f --exp(-2ix) as x becomes large while for the [12] ibidp. 1554.
The Steady State Solutions
The steady state solutions given by the functions f in Eqs. ( 18) frequencies the function is given by the initial terms in the series ·expan-sion which in the limit as x tends to zero are
for the rigid and free surface spheres respectively. For the rigid sphere this represents the well-known condition of Rayleigh scattering where the scattered intensity is proportional to the fourth power of the frequency.
For the free surface sphere the results are quite different. Not only does the scattered intensity reach maximum values at low frequencies, but the scattering is uniform in all directions. For high frequencies both solutions tend to form exp (-2ix), the free surface solution converging more rapidly than that of the rigid sphere. In the previous section, it was shown that this indicates that at high frequencies the sound is mainly from a small area on the surface opposite the source and this would agree with physical intuition. At low frequencies the echo appears to come from the center of the rigid sphere and from a half radius position in the free surface sphere. As the frequency increases the apparent origin of the echo moves gradually towards the region on the surface opposite the source. This is shown in Fig. 2(b) , where the phase of f 00 divided b y x = ka represents distance along a radius inside the sphere.
In the case of the rigid sphere these results can be readily understood by supposing that low frequency waves are intercepted by the entire cross section whereas high frequency waves behave as in geometrical optics and form a "bright spot" reflector on the surface opposite the source. With the free surface sphere the results at low frequencies are not so readily explainable except that as expected they differ from those for the rigid sphere.
The main body of results were derived for solid spheres supporting internal shear and compressional waves. The properties of the materials considered are given in Table I . The fluid outside the sphere was assumed to be water of density l gm/ cc and compressional velocity l,410m/sec.
As an initial test of the programs, the results obtained by Fa ran [ z] were recalculated. Since these were for 1 a = 3 no error could result from the misplacing of the factor a/ ( 1-2a) mentioned in the previous section since this factor is unity. Good agreement was found.
Some of the results for the materials tested in Table I are given in detail in Figs. 3-ll. As before these are for a distant source. The results are shown in Fig. 1 2 plotted against the shear velocity c . In general it appears that f represents a sa tis-00 factory solution when the sound source is situated more than 10 radii from the center of the sphere.
Echo Pulse Forms
The most obvious general feature in the steady state solution for ordinary metals is the succession of peaks and minima in the pressure amplitude and it is of interest to determine how this affects the pulse form of the echo when the steady state solutions are used in the integral expression {23) for a distance source. The incident pulse form could be chosen arbitrarily. However in practice the incident sound is generally produced by making a transducer resonate over several cycles at a particular frequency. Mathematically the pressure variation which results at a point in the fluid can be represented as follows, With yellow brass the secondary echoes in the multiple echo forms had a bigger amplitude than the primary echo.
. Discussion
Although this paper represents only a preliminary study, it may be worthwhile to consider the significance of the results in relation to the problem of using sonar echoes to obtain information about a target.
In the first place, it would seem that solid materials could be divided roughly into two groups, metallic flint-like substances and substances which are fairly pliant. This can be seen from the steady state solutions where the former is characterized by a succession of peaks and minima roughly the same distance a,.part, while the latter has sharper, stronger peaks more closely spaced. Although all the echo forms which were calculated belong only to the first type, it is evident from the steady state solutions that there would be a difference in the general nature of echoes between the two groups. Hence there would exist the possibility of distinguishing for instance between a bare rock and a large fish.
Secondly, if the sonar target is known to be a homogeneous metallic sphere, then it is possible to determine its approximate radius by using data of the type shown in Fig. 19 . 
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The pres sure amplitude as a function of frequency of the echo returned by a beryllium sphere to a distance source of continuous waves. The pressure amplitude as a function of frequency of the echo returned by a fused silica sphere to a distant source of continuous waves. The pres sure amplitude as a function of frequency of the echo returned by a sphere of Armco iron to a distant source of continuous waves.
-arg f.., The phase of the echo from the Armco iron sphere as a function of frequency.
The pres sure amplitude as a function of frequency of the echo returned by an aluminum sphere to a distant source of continuous waves.
The phase of the echo from the aluminum sphere as a function of frequency. The pressure amplitude as a function of frequency of the echo returned by a sphere of yellow brass to a distant source of continuous waves. The pressure amplitude as a function of frequency of the echo returned by an ice sphere to a distant source of continuous waves. ------------------------------------------------ The pres sure amplitude as a function of frequency of the echo returned by a rigid sphere to a point source of continuous waves distance Ra from the center of the sphere. The pres sure amplitude as a function of frequency of the echo returned by a freee surface sphere to a point source of continuous waves distance Ra from the center of the sphere. 
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Experimentally determined echo forms for a 5" diameter aluminum sphere for various incident pulse lengths. The sweep is 150 1-L sec/ em.
